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ABSTRACT.  Given  n x n complex  matrices  A,  B,  the  C-numerical  radius 
of  A is  the  nonnegative  quantity 

r^(A)  = nBx{|tr(CU*AU)  1 : U unitary]. 

For  C = diag(l,0,.. . . ,0)  it  reduces  to  the  classical  numerical  radivis 
r(A)  = majc{lx*Ax|  : x*x  =1].  We  show  that  r^  is  a generalized  matrix 
norm  if  and  only  if  C is  nonscalar  and  tr  C j/  0.  Next,  we  consider  an 
arbitrary  generalized  matrix  norm  and  characterize  all  constants  v > 0 
for  which  vN  is  multiplicative.  A technique  to  obtain  such  v is  then 
applied  to  C-numerical  radii  with  Hermitian  C.  In  particular  we  find 
that  vr  is  a matrix  norm  if  and  only  if  v > 4. 
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Let  b®  t^®  algebra  of  n X n coiQ)lex  matrices  ajid  let 

be  its  unitary  group.  Given  A,  C 6 C-numerical  range  of  A 

is  the  compact  set 

W^(A)  = [tr(CU*AU)  : U € 

This  definition  together  with  some  properties  of  Wj,(A)  were  presented 
by  the  authors  in  [2]. 

It  is  not  hard  to  see  (compeire  [2],  Lemma  $),  that  W^(A)  is 
invariant  \inder  unitary  similarities  of  A or  C.  Hence,  if  C is 
normal  with  eigenvalues  we  easily  find  that 

(1.1)  W,(A)  . ^_^)(A)  = 1^1  : (Xj,  . A^}, 

being  the  set  of  orthonormal  bases  for  In  particular,  for 

C 3 diag(l,0,...,0),  we  obtain  the  classical  range 

W(A)  = {x’^Ax  : x*x  = 1}. 


Associated  with  the  classical  rsuige  is  the  numerical  radius 
r(A)  3 max{|z|  : z € W(A)}. 

Similarly,  we  define  the  C-ronnerlcal  radius  to  be 
rj,(A)  - max{|z|  ; z c W^(A)]. 

The  main  purpose  of  this  work  is  to  study  the  norm  properties  of 


Tq,  The  situation  is  trivial  for  n = 1,  so  without  further  reference - 
we  assume  troughout  the  paper  that  n > 2. 

We  use  the  following  standard  definitions. 


A,  C c and  a « ^ 


□ □ 
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N(A)  >0; 

N(0(A)  * la|N(A); 

N(A  + B)  < N(A)  + N(B). 

(il)  A semi -norm  is  a generalized  matrix  norm  if  it  is  positive 
definite,  that  is, 

N(A)  > 0 for  k ^ 0. 

(ill)  A generalized  matrix  norm  is  a matrix  norm  if  it  is 
(mib-)  multiplicative,  i.e.,  for  all  A,  B, 

N(AB)  <N(A)N(B). 

Without  difficulty  we  obtain 

THEOREM  1.  For  any  C,  r^  is  a semi -norm. 

The  (juestlons  of  definiteness  and  multlpllcativlty  are  much  more 
complicated. 

In  Section  2 we  characterize  those  C for  which  r is  positive 

w 

definite.  We  show  that  r^  is  a generalized  matrix  norm  if  and  only  if 
C is  not  scalar  and  tr  C / 0.  This  result  agrees  with  the  well  known 
fhct  that  the  classical  radius  r is  a generalized  matrix  norm. 

The  classical  radius  is  not  multiplicative,  [4].  Hence,  in  general 
a C-radius  cannot  be  expected  to  be  a matrix  norm. 

In  Section  3 we  consider  arbitrary  generalized  matrix  norms,  and 
characterize  all  positive  constants  v for  which  vN  is  multiplicative 
A technique  of  finding  such  multiplicatlvity  factors  is  given  by  a 
theorem  of  Gastlnel  [l]. 


The  above  technique  (aided  by  some  coii2>lnatorlal  inequalities 
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obtained  in  Section  1*^)  is  applied  in  Section  5 to  find  multiplicativity 
factors  for  C-numerical  radii  with  Hermitian  C.  In  particular  we  find 
that  vr  is  a matrix  norm  if  and  only  if  v > 4. 

Thanhs  are  due  to  Alston  Householder  and  to  Robert  Steinberg  for 
helpful  discussions. 

niEORJM  2.  r^  is  a generalized  matrix  norm  if  and  only  if 
(2.1)  C is  nonscalar  and  tr  C 0. 

In  the  proof  we  use  the  following  three  lemmas  in  which  A,  C are 
given  n X n matrices. 

LIWMA  1.  Let  m be  an  Integer  with  1 < m < n.  If  C leaves 
invariant  all  m-dimenslonal  sub spaces  of  then  C is  scalar. 

Proof.  Since  m < n,  then  each  one -dimensional  s\ibspace  of  ^ 
is  an  intersection  of  svibspaces  of  dimension  m,  which  by  hypothesis, 
are  fixed  by  C.  This  implies  that  C fixes  all  one -dimensional  sub- 
spaces of  5^. 

Now  let  the  standard  basis  of  gj’.  By  the  preceding 

argument,  there  exist  scalars  X^,...,X^,  u,  such  that 

Cej  a ^ J 

and 

n n 

C E e.  a u E e.. 
jai  J Jol  J 

Hence,  ° conclude  that  a u,  1 < J < n.  There-' 

fore. 
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CCj  = MBj,  1 < J < n; 

l.e.,  C = Ml,  and  the  lemma  follows. 

LEWMI^  2.  W 

aj*AU  = U*AUC  VU  € V^, 
then  either  A or  C eire  scalar. 

Proof.  Suppose  A is  not  scalar  and  let  us  prove  that  C Is.  Let 
X be  an  eigenvalue  of  A with  corresponding  eigenspace  of 
dimension  m.  Since  A is  not  scalar,  then 

1 < m = dim(X^)  < dimCg")  = n. 

Now,  for  arbitrary  U € v^,  U*AU  also  has  X as  eigenvalue  with 
corresponding  eigenspace  Thus,  for  every  vector  v € 

U*AU(Cv)  = C(U*AUv)  = C(Xv)  = X(Cv). 

It  follows  that 

Cv  € Vv  € “X* 

that  is,  C leaves  invariant.  Since  dim(Y_^)  = m and  U*  is 

arbitrary,  we  find  that  C leaves  invariant  all  m-dimensional  subspcu:es 
of  gf*.  Hence,  by  Lemma  1,  C is  scalar  and  the  proof  is  complete. 

LEMMV  3.  U 

tr(CU  AU)  ■ constant  VU  « 

then 


CU*AU  - U*AUC  VU  c l^. 
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Bvaluating  the  derivative  at  9=0  we  obtain 

tr(CU*AUS  - CSU*AU)  = 0; 

hence  for  all  skew-Hermitian  S (and  all  unitary  U), 

tr[(CU*AU  - U*AUC)S]  = 0. 

Since  every  matrix  B is  a linear  combination  of  skew-Hermitians*,  the 
last  identity  implies 


tr[(CU*AU  - U*AUC)b]  = 0 


VB  € C 


Thus, 

CU*AU  - U*AUC  = 0, 

and  the  lemma  is  proven. 

Proof  of  Theorem  2.  By  Theorem  1,  it  suffices  to  show  that  (2.1) 
holds  if  and  only  if  r^  is  positive  definite. 

If  C is  scalar,  namely  C = XI,  then  any  k ^ 0 with  tr  A = 0 
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Also,  if  tr  C = 0,  then 

rj,(l)  = |tr  C|  = 0. 

Thus,  violation  of  (2,1)  implies  the  indefiniteness  of 

Conversely,  let  (2.1)  hold.  If  r^(A)  = 0,  then  by  definition 

tr(CU*AU*)  =:  0 VU  6 

so  by  Lemma 

CU*AU  = U*AUC  VU  e 

By  Lemma  2,  therefore,  either  C or  A are  scalar,  and  since  C is  not, 
A is.  Setting  A = we  have 

r^(A)  = I ^ tr  C I =0, 

and  since  tr  C 0,  then  m must  vanish  and  the  proof  is  established. 

EXAMPLE  1.  The  k-numerical  range,  1 < k < n,  was  defined  by 
Halmos  [3,  § I67]  to  be 

Wj^(A)  = {tr(PA)  ; P orthonormal  projection  of  rank  k). 

We  easily  verify  that 

Wj^(A)  = Wj,^(A)  where  Cj^  = 3 

Thus,  the  k-numerical  radius 

rj^(A)  = inax(|z|  : z c Wj^(A)}, 

is  a generalized  matrix  norm  if  and  only  if  l<k<n-l.  In  particular 
r(A)  » r^ik)  is  a generalized  norm  while  r^(A)  * |tr  a|  Is  not. 
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Given  a semi -norm  N on  constant  v > 0,  then 

obviously 

N s v« 

V 

is  a semi-norm  too.  Similarly,  N is  definite  if  and  only  if  is. 

In  any  case  the  new  norm  may  or  may  not  be  multiplicative.  If  it  is,  we 
say  that  v is  a multiplicativity  factor  of  N. 

A characterization  of  multiplicativity  factors  for  generalized 
matrix  norms  is  given  in  Theorem  4.  We  first  prove,  however,  that 
indefinite  nontrivial  semi -norms  have  no  multiplicativity  factors. 

THEOREM  3.  An  indefinite  semi-norm  N on  is  multiplicative 

if  and  only  if  N s 0. 

Proof.  The  trivial  semi-norm  is  certainly  multiplicative.  So  let 
N be  indefinite  auid  multiplicative,  and  let  us  show  that  N = 0. 

Since  N is  indefinite,  then  N(A)  = 0 for  some  A.  ^ 0.  Let 
be  a nonvanishing  entry  of  A,  euid  denote  by  E^j  the  matrix  whose 
(l,j)  element  is  1 and  the  others  are  zero.  Since 

h/‘\}  ■ Vd’ 

then  by  multiplicativity, 

la^lN(Eij)  - N(a^j^E^j)  <N(E^^)N(A)N(Ej^)  = 0. 

We  conclude  that 

N(Ey)  =0  VI  < i,  J <n; 
thus  for  any  B ■ e 
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K(B)  = b|  ByEyj  < |Py|B(E„)  - 0, 

and  the  theorem  follows. 

THEOREM  4.  ^ N Is  a generalized  matrix  norm,  then  v Is  a 

nultlplicatlvlty  factor  of  N (l.e. ^ Is  a matrix  norm)  if  and  only 

if 


N(AB) 


Proof.  We  write  in  the  form 


Vjj  = max{N(AB)  ; N(A)  = N(b)  = 1}, 


and  use  a coznpactness  argument  to  conclude  that  is  well  defined. 

It  is  clear  then  that  > 0. 

Now,  if  V > Vjj,  then 

N^(AB)  = vN(AB)  < vVjjN(A)N(B)  < v^(A)N(B)  = N^(A)N^(B); 


hence  N is  multiplicative. 

Conversely,  if  v satisfies  0 < v < we  can  find  matrices 
A,  B such  that  i^I(A)N(B)  <N(AB).  Thus  we  have 

N^(AB)  =vN(AB)  > v^(A)N(B)  = N^(A)N^(B), 

and  the  proof  is  con^lete. 

As  an  immediate  consequence  we  have  established 

COROLIABY  1.  A generalized  matrix  norm  is  a matrix  norm  if 


and  only  if  < 1. 

In  practice.  Theorem  4 offers  limited  help  since  in  general,  is 


not  easily  evaluated.  In  the  case  of  C-numerical  radii,  we  were  unable 
to  find  the  optimal  factor  except  for  the  classical  rsuiius. 

An  alternative  way  of  finding  multiplicativity  factors  is  suggested 
by  the  following,  somewhat  stronger  version  of  a theorem  by  Gastinel,  [ 1] . 

niEORIM  5.  Let  N be  a send-norm,  M a matrix  norm,  and  T > 5 > 0 
constants  such  that 

(3.1)  |M(A)  <N(A)  < tjm(A)  VA  € 5^. 

Then, 


(i) 

N 

is  a generalized  matrix  norm. 

(ii) 

For 

2 

any  v > n/5  . N.  is  a matrix  norm. 

(iii) 

If 

2 

n/l  <1,  then  N is  a matrix  norm, 

Proof.  Part  (i)  is  trivial,  and  for  part  (ii)  we  should  merely  note 

that 


N^(AB)  = vN(AB)  < vtjM(AB)  < vtJM(A)M(b) 

N(A)N(B)  < v^(A)N(B)  = N^(A)N^(B). 

Peirt  (iii)  then  follows. 

We  recall,  of  course,  that  any  two  norms  on  a^re  eq[ulvalent. 

Thus  if  N of  Theorem  5 is  known  to  be  a matrix  norm,  then  (3*1)  always 
holds  for  suitable  constants  H > £ >0. 

In  Section  3 we  use  Theorem  3 to  obtain  multiplicativity  factors  for 


C-numerical  radii  with  Hermitlan  C 
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Let  ctj,  1 < J < n,  be  scalars  and  consider  the  set 


v“>  ■ {A  v-’Cj)  = ° ' 4 


being  the  symmetric  group.  In  this  section  we  study  bounds  for  the 


radius  of 


R^(a)  = max[lzi  ; z e 8;^(a)}. 


A general  remark  is  that  all  the  involved  quantities  are  invariant 
under  rearrsuigements  of  the  and  the  and  under  rotations  of  the 

form 


(0(^,  • • • "*  ® * ^^1^  * ' * ^^n^  "*  ^ '*^^^1^  * * * ^^n^ 


i'l'/ 


which  include,  of  course,  change  of  sign.  This  fact  will  be  repeatedly 
used  in  the  proof  of  the  following  results. 


LiWMA  4.  For  any 

J d 

V“>iH 


n 

n 

^ “j 
d=i  ^ 

E y^ 

d=i  ^ 

Proof.  Let  T , i = l,2,...,n,  be  the  powers  of  a nontrivial 
cyclic  permutation  in  S^.  Since 


then 


n 

E 


1 ^ T^(j)  ^ 


V«)  > 


n / n 


i E E Y.a 
“ i=l\J=l  ^ -zHi)! 


^Ey.  Ea  . = ^Ey.  Ea. 

J ^ i ^Hi)  J ^ i ^ 


9 
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and  the  lemma  holds. 


LIWM(V  5.  6 Tj  e £>  1 < d < n,  then 

>i  - «j|nax|7^  ‘ I * 

i^d 

Proof.  Setting 


■^3  ' "-J  * ‘“3'  ^3'‘‘3  * a- 


we  have 


H^(a).^^EXja„(3).iSl.ja„(3) 


'V“) 

Now,  if  the  Yj — are  equal,  then  the  result  is  trivial;  so  by 
rotating  and  rearanging  the  Yj»  we  may  assume  that 


®ax|Ti  - Yjl  = Y^  - > 0. 


It  follows  that 


\ \ *71  - Yn  = mxlYi  - Yjl  >^|X^  - Xj|. 

Xfj 


X^  > X > X^,  2 < J < n - 1, 


'so  we  may  assume  that 


' • > X , 

^ n 


We  may  also  assume  that 


Oti  > ^2  > " * > 
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Hence,  observing  that 


*1  ®2  =^yn-j 


are  two  points  in  8^(0^),  we  have 

2fhl  - =2!  = - “n>  * ^<“2 


. . + X (a  - a_ ) 
n'  n 


>|(x^  - - 0!jj)  =1  maxlY^  - 7j|iiiax|a^  " “jl' 


IJ  Ltl  Lt]"' 


and  the  lemma  follows. 

We  are  interested  now  in  obtaining  constants  which  may  depend 

on  the  Y-  but  not  on  the  a.,  such  that 
w J 

(4.1)  H^(a)  >K^  maxIOjI  •••,«„  e 1. 

THEOREM  6.  For  given  Y.  ® C,  1 < J < n,  there  exists  a constant 

J — ' " ~ ~ 

Kjy  > 0 which  satisfies  (4.1)  if  and  only  if 


(4.2) 


Yj  are  not  all  eqml  and  Sy^ 
J J ^ 


If  (4.2)  holds,  then  (4.1)  is  satisfied  by  the  positive  constant 


(^•3) 


IE  Yj-naxlY.  - yJ 

J J i.d  ^ J 


"V  SIIJyJ  +n*ix|Y.  - yJ* 
i ^ ^ 

Proof.  Suppose  (4.2)  is  violated.  If  the  Yj  “’e  equal,  we  choose 
Ofj  not  all  equal,  with  LCk^  = 0;  if  2 Yj  “ 0/  we  taJte  ot^  = i, 

1 < j < n.  In  both  cases  1(^(0)  » 0 but  majclOjI  > Oj  hence  no  positive 
satisfies  (4.1). 

Conversely,  let  (4.2)  hold,  ajkl  let  be  the  constant  specified 
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1d  may  assume  that 


> * * ' 2* 


where  in  fact,  by  change  of  sign  if  necessary,  it  suffices  to  consider 
the  cases 


(4.4a) 


a > • • • > a >0, 
1 — — n “ 


(4.4b)  > ' * * > > “ * >^11  l^j  I = 

In  case  (4.4a)  we  write  = 90^  0 < 9 < 1#  and  use  Lemmas  4 and 
5 to  obtain,  respectively, 

R.y(a)  >i|Eaj|  IEYjI  >“nlS7jl  =eailEajl  = elE^jlnaxIOjI 


I^(a)  >i  maxla^  - aj|inax|7j^  ~ 'Yj  I = * °‘n)““l7i  - Y j I 

>|(l  - e)max|Yj^  - Yj|oax|aj|. 


We  thus  find  that 


R^(a)  >max|0lEYjL  |(l  - 0)niax|Yi  * “Vj  l|  * 

The  expressions  in  the  above  braces  are  functions  of  6 which  describe 
straight  lines  with  opposite  slopes  and  intersection  value  I^.  Hence, 


for  any  0 


t|e|EYjL  |(1  - 9)nax|Yi  - Yjlj  > Ky, 


and  (4.1)  follows. 


In  case  (4.4b)  we  use  Lemma  3 to  find  that 


X 
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I^(a)  >|(«i  - «n)j»xl7i  - 7^1  >5  maxlY^  - 7j|inax|aj| 


Since 


I mx\y^  - 7jl  >K^, 

then  (4,1)  holds  again,  and  the  theorem  is  proven. 

The  above  result  can  be  improved  for  certain  classes  of  7^. 

THEOREM  7*  If  yy  ^ < J < are  complex  scalars  of  the  same 
argument,  then  (4.1)  holds  with 


(»^.5) 


= -Y,|. 


Proof.  By  change  of  argument  and  rearangement  we  may  assvime  that 


7i  > •••  >7q  > 0, 


and  that  the  satisfy  (4.4a)  or  (4.4b). 


For  (4.4a)  we  have 


R^(a)  = E7jaj  >7i«i  >^y^  - y^)ct^i 


and  for  (4.4b),  Lemma  5 yeilds 


ya)  >|<Y^  . Y„)(ai  - a„)  >|(Ti  - 

Thus, 

>i  ^\y±  - 7jl®ax|aj|, 

and  the  proof  is  complete. 

Indeed,  comparing  of  (4.5)  with  of  (4.3),  we  realize  that 

for  the  relevant  7.,  Theorem  6 provides  a tighter  lower  bound  for 
J 

R^(a)  than  Theorem  5. 
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As  Indicated  previously,  the  jwrpose  of  this  section  is  to 
obtain  csiltiplicativity  factors  for  C-numerical  radii  with 
Hermit ian  C. 


LEMMA  6.  Let  A,  C be  normal  matrices  with  eigenvalues  and 

Yj,  respectively.  Then 

r(,(A)  = R^(a). 

Proof.  Obviously,  it  suffices  to  show  that 

conv  W-(A)  = conv 

L y 

Since  W^(A)  is  invariant  under  unitary  similarities  of  A and  C, 
and  since  A and  C are  normal,  then  by  (l.l), 

"{jli  ■'j'j  = '■‘jl  ‘ 


Thus,  \jising  the  standard  basis  (cjl#  we  find  that  every  point  in 
8;^(a)  satisfies 


which  gives  us 

a^(a)  cWg(A). 

Conversely,  take  an  arbitrary  point. 


dlag(a 


■ ® Wg(A), 
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Since  X = (X  1 < J < n,  is  an  orthononnal  basis,  then 

j jx  jn  •“  • 

2 

X s ] Is  a doubly  stochastic  matrix.  Doubly  stochastic  matrices 

are  convex  combinations  of  permutation  matrices  P . Thus  writing 


Wc 


and 


^ c = 


we  have 


S-VjxJ  dliig(a^,...,a__)xj  . Z » c’^x.  = 

€ conv  a^(a). 

This  yields 

W^(A)  cconv 

and  the  lemma  follows. 

7*  Let  C be  normal  with  eigenvalues  Yj,  let 
satisfy  (4.1),  and  let 

||A||g  = max((x*A*Ax)^^^  : x*x  = 1} 

denote  the  spectral  norm  of  A.  Then 

rc(A)  > l^llHlIg  VHermltian  H e 

Proof.  For  Hermitian  H with  eigenvalues  a^,  we  knew  that 

IlHlIg  o maxIOjI. 

Since  the  Ot^  are  real,  we  may  use  (4.1),  and  by  Lemma  6 

>1^  oaxIOjI  - K^ll^^lla- 

mVk  8,  If  C is  Hermitian,  then  ^^(A)  = rg(A*). 


S 


aeS 


a = 
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Proof. 


r_(A)  = iiiaxltr(CU*AU)  I = inajc|tr(CU*AU)*|  = nsax  1 tr(U*A''‘UC ) | = r-(A*). 
^ U U U ^ 

LEMMA  9*  If  C is  Hermitian  with  eigenvalues  y^,  and  if  K.. 

j r 

satisfies  C^.l),  then 

r<,(A)  VA€0^. 

Proof.  We  write  A = - iHg),  ^rtiere 

= A + A*,  H2  = i(A-A*), 
are  Hermitian..  By  Lemmas  7 and  8,  and  by  Theorem  1, 

i \\M2  = i - iHgllg  < J ylb^il2  + IIH2II2] 

and  the  proof  is  complete. 

LEIWA  10.  ^ C is  normal  with  eigenvalues  Yj,  then 

rc(A)  <E|tjII1aII2  VA  € 5^. 

0 


Proof.  By  (l.l)  we  have 


rj,(A)  = max 


: (Ajl  ‘ 


^1' 


and  since  |x*Ax|  < llAlIg  for  any  unit  vector  x,  the  lemma  follows. 

THEX)REM  8.  Let  C be  Hermitiem,  nonscalar , with  tr  C / 0 and 
eigenvalues  y^ . Then,  for  einy  v with 

— r— r 

- ;j  J 123  Yj|*max|7j^  - Yj  | 

J 1>J 


9 
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the  (Hennitlan)  numerical  radius  vr^  a la  a matrix  norm. 

Proof.  Since  C is  nonscalar,  the  7 are  not  all  eqvial;  and 

J 

since  tr  C 0,  then  I Yj  ^ 0.  Thus,  by  Theorem  6,  the  Inequality  in 
(4,1)  is  satisfied  by  the  positive  constant  of  (4,3).  By  Lemmas  9 
and  10  we  have  therefore, 

, ISyJ  + - yJ 

? 5|h'Yjl  + maxlY^  - yj  I "^'’2  < ^ ^ I'Vj  I VA  e 5^, 

and  Theorem  5 completes  the  proof. 


For  Hermitian  definite  C,  we  improve  Theorem  6 as  follows. 


THBORIM  9*  Let  C be  Hermitian  nonnegative  (nonpositlvc)  definite. 
If  C is  nonacalar  with  eigenvalues  Yj  > then  for  every  v with 

16  S Iy,  I 

V 1 ^ 

- maxlY.  - Y.r 

'^C  " is  81  matrix  norm. 

Proof.  Since  C is  Hermitian  definite,  the  Y4  sre  of  the  same 
sign  and  by  Theorem  7,  of  (4,5)  satisfies  (4.1).  Lemmas  9 10 

yield  now, 

(5.1)  J oaxlY^  - Yj  I llAllg  < ^(.(A)  < E IYj  1 llAlIg  VA  € 

Since  C is  nonscalar,  the  ®1-1  equal;  so  maxly.  - Y^  | > 0, 

J X J 

and  Theorem  5 completes  the  proof. 


EXAMPLE  2.  We  recall  the  definition  of  the  k-numerical  radius  r.  . 

k 

By  Theorem  7 , we  find  that  vTj^,  l<k<n-l,  is  a matrix  norm  if 

V ^ 16k. 
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! 


Eanple  2 implies  that  v > l6  is  a multiplicativity  factor  for  the 
classical  radius  r.  The  optimal  factor,  is  given  in  the  following  result. 

THBORiM  10,  vr  is  a matrix  norm  if  and  only  if  v > 4;  that  is 


V =4. 

T 


Proof.  It  is  well  taiown,  [3,  §162],  that 
^llAllg  < r(A)  < llAllg  VA  e 

Thus,  by  Theorem  5,  v > 4 is  a multiplicativity  factor  for  r,  and  by 
Theorem  4,  v <4. 

To  show  that  > 4,  consider  the  matrices 

r — 


0 1\ 


VO  0/ 


$ I. 


n-2^ 


B 


ro  01 


11  01 


© I 


n-2* 


A simple  calculation  shows  that 


r(A)  = r(B)  = r(AB)  = 1. 


Hence 


r^(AB)  < r^(A)r^(B) 

if  and  only  if  v > 4,  and  the  theorem  follows. 
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